In this paper the free in-plane flexural vibration of a thin ring with elastic foundation of a Winkler type is analysed on the basis of the analytical and numerical methods. Mathematical model of the three-parameter elastic foundation is proposed. The separation of variables method is used to obtain the general solution of the considered system free vibration. Then the eigenvalue problem is solved by using the finite element method. Natural frequencies and normal modes of the system vibration are determined. The achieved results of calculation are discussed and verified by experimental data. FE model is formulated by using ANSYS software. It is important to note that the problems discussed in the paper bring practical advice for engineers dealing with dynamics of circular ring systems like aviation gears and railway wheels, respectively.
Introduction
The vibration theory of thin rings with wheel-plate as an elastic foundation finds application in several fields of engineering including the railway and aviation industries, and others [1, 2, 6] . The fundamental vibration theory of circular rings is presented in monograph [5] . The theory of thin circular rings is employed in paper [6] for a vibration analysis of a ring gear. Vibration of rotating rings with foundation are studied in paper [1] . The introductory investigation related to the systems of the rings with wheel-plate as the elastic foundation are conducted in articles [3, 4] . In paper [2] the analytical model of foundation which consists of a special three-parameter Winkler elastic foundation is proposed. In the present paper the free in-plane flexural vibration of a circular ring with 132 S. Noga wheel-plate as a special three-parameter elastic foundation is studied using the classical thin ring theory, and the finite element (FE) formulation. The procedure of determining the substitute mass density of a system consisting of a ring with massless elastic foundation is presented. The achieved solutions are discussed and compared with experimental data. An experimental test is conducted by applying an object with arbitrary chosen geometry.
Theoretical formulation
Mechanical model of the system under consideration consists of a plane circular thin ring with wheel-plate as a special three-parameter, elastic foundation. It is assumed that the ring is perfectly elastic and that the centerline of the ring has radius R and an element of the ring, designed by angle , displaces in the radial and circumferential direction, respectively (see Fig. 1 ). Moreover, it is assumed that the ring has homogeneous, rectangular cross-sectional area. The small displacements in these directions are denoted    , respectively, and t is time. Similarly as in paper [2] , the foundation is formulated by the special three-parameter Winkler model. The coefficients k f , k p and k S represent the radial and tangential stiffness per length unit, and the ring cross-section angle rotation stiffness modulus, respectively. 
where: E -Young's modulus, I 1 -the rim cross section area moment of inertia,  -the mass density, A -the cross section area.
The general solution of equation (1) is assumed in the form
where:  -the natural frequency,
After substitution (2) into equation (1), it becomes
where:
The solution of equation (3) is assumed as
When equation (5) is substituted into equation (3), it yields the natural frequencies of vibration as 
As denoted in the previously presented equations, n must be an integer with a value greater than 1. For the case when n is equal 1 only the pure rigid body oscillation without any alteration of ring shape exists.
The finite element representation
In this section the discrete model of the system under study is formulated using finite element method (ANSYS program). To find the eigenpairs (eigenvalue, eigenvector) connected with the natural frequencies and normal modes of the ring system, the block Lanczos method is employed [5] . The principal problem of this section is the elaboration of the FE model of the system with proper value of the ring substitute mass density  z and massless elastic foundation, respectively. The analysed object has the geometry as it is displayed in Fig. 2 . The proposed FE model is realized as follows. The ring part is modeled as the solid body and the foundation part is prepared as the massless solid body. The ten node tetrahedral element (solid187) with three degrees of freedom in each node is utilized to solve the considered problem. The proper value of the substitute mass density  z of the ring system is selected during simulation to minimise the so-called frequency error defined by [2]   
Numerical analysis
Numerical solutions for free vibration analysis of the circular ring with wheel-plate, models suggested earlier, are obtained. For all results presented here, the first seven natural frequencies and corresponding normal modes are discussed. Table 1 shows the parameters characterizing the considered system. In this Table, h is the depth of the ring,  is the Poisson ratio and the rest of geometrical dimensions are defined as displayed in Fig. 2 . Firstly, the computations are conducted to determine the ring substitute mass density  z of the FE model related to the corresponding object. Satisfactory results are achieved for the value of
. The same value of  z is included in the analytical solution.
Then the proper values of stiffness modulus k f , k p and k S in the analytical model are evaluated during numerical simulation. The results of calculations of the natural frequencies are displayed in Table 2 . 
Experimental investigation
In this section the results related to the experimental verification of the considered analytical and numerical models of the system under study are discussed. LMS measurement set is employed in the experimental investigation. The measuring set consisted of the PCB model 086C03 type modal hammer equipped with a gauging point made of steel, accelerometer PCB model 353B18, LMS SCADA data acquisition system, and SCM-V4E type measuring module supported by LMS Test.Lab software. The experimental investigation is conducted to identify natural frequencies and corresponding normal modes related to the in-plane flexural vibration of the object under study. The values of the excited natural frequencies are displayed in Table 3 . These values are compared with the values of natural frequencies from the FE and analytical model, respectively. In the same Table the values of the frequency error related to the discussed models are included. The achieved results are satisfactory and a better fit is obtained for the analytical model (especially for the frequency  7 , see Table 3 ). In the Figs. 5 and 6 four normal modes come from the experimental test are shown. 
Conclusions
In this paper, a comprehensive study of the free in-plane flexural vibration analysis of thin ring with wheel-plate as a special three-parameter Winkler foundation is investigated on basis of the analytical method and numerical simu- 
